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A geometrically nonlinear theory of spatially curved beams is developed.
The theory takes into account the rotational inertia, transverse shear defor-
mations, changes in the form and dimensions of the cross sections, and add-
itional loads which arise during the rotation of the cross sections as the beam
is deformed. Variants of the hyperbolic equations are obtained and parabol-
ic approximations constructed, The basic relations and equations of motion
of the linear theory of curved beams were studied e, g, in [1 — 5]. Improve-
ments in the accuracy of the results of the linear theory were obtained main-
ly by taking into account the variability of the contour and the warping of
the cross sections [8 —5]

1, Formulation of the problem, We consider a naturally twist-
ed beam of variable cross section F {s), made of an elastic isotropic material with
constant mechanical characteristics (F is the area of the cross section and s is the
arc length of the axial line of the beam), The methods of supporting the end crass
sections are assumed known, and the loading conditions given,

Let us identify three points of the beam, P, P, and P*, where P, is the
projection of P on the axial line of the beam and P* is the point to which 2 is
translated in the course of deformation, The radius vectors r,ry and r* of the
points P, Py and P* emerging from the stationary origin satisfy the relations

r=r-u, r=ry+ M- b, u=ups; (L)

(81, By, 83 ==, 1, by uy, Uy, Uy = u, 2, W)

Here u and u; denote the displacement vector of the point P and its components;
t,n and b are the unit vectors of the tangent, normal and binormal to the axial
line of the beam (t = dry/ ds); s, n and [ are the corresponding coordinates of the
point P. Repeated indices denote summation from one to three,
Differentiating (1, 1) and utilizing the Serret — Frenet formulas [6], we obtain
drt = dr + du (1.2
dr == (gr / @s)ds -} (0r / o) dqy 4~ (0r / 80y d = [(1 — k) ¥ — »in -
wnb] ds + ndn + bdl

du == (8u/ 3s) as - (du/ om) dn + (du/ 9T) AT = e;je;dE;

ey = u — kvy ey = v -+ ku — ww, e,3 = dw + % (1.3)

e =0u; /08, (1=2,8]=1,2.3 5,8 Bs =51 L 0= 0/ )

(dr) @ = g;;d&;dE;, (dr*)? = g;;*dE,d5;

gn=0 =+ + 1%, gaa = gas =1
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g =gn = — ML, G1s = gn =W, gy = g = U
gi; M =10.0=20)=28J, gi*= g+ 28;

2e;5 = ¢;j + €j; + egsejs — (1 + 857) a5 (n, D)

ayj = ““'jl — eys) M szc =123

Qg == @y, Gy = Gggy Qg = Ggy = Ggg = gy = 0

Here e;; are the distortion tensor components; g;; and g;;* are the components
of the metric tensor for the initial and deformed state of the beam; 8,/ is the Kronec-~
ker delta; 25 are the strain tensor components; k and * are the curvature and tors-
ion of the axial line of the beam, From (1.2) it follows that the coordinate system
chosen is triorthogonal only for the points lying on the axial line of the undeformed

beam,
Expanding the corresponding functions info power series in v and {, we obtain
(1.4

(15, €35, 815) = (Wj,pg, €1j,pq> €ij,pg) NPLY
(1. 5)

e11,0g = U, pg — kv pq, €13,09 = 0w pq - ¥0,pee1a,pq = Ov,pq + ki, pg — %W pq
e2j,pq = (p 4 1) Yj,ps14r ipg = (¢ -+ 1) uipen = 1,2,3)
28ij,pq = €3j,pq + €ji,0q + Cis,ki€is,p-k g1 — (1 + 87} a45,nq
ayj,pq = (hejip_1q — %ejs,p-1q) + Hei2.pg
Gy1,0q = Q12,pgs 31,0 = G13,5qy G22,pq = G33,pq = Uog,pg = 8s2,pq = 0
Here the indices p, ¢ denote the summation from 0 to oo, and k,1 from 0 to
p and ¢ , respectively. The indices preceeding the comma have the same mean-

ing as in (1.2}, (1.3).
The Hooke's Law for the triaxial stress-strain state, can be written in the following

dimensionless form:
8ij° =2wv (Sij + 61139)
(E‘Uo:oij/Ef 'V=1/[2(1+P-)], B=|.I./(1-—~2H), 0=855}
Here o;; and &;,° are the physical stresses and their dimensionless analogs, £ and
g are the Young's modulus and the Poisson's ratio,
Assuming (v, B) = (v, B} penP{? and using (1. 5), we obtain
e = Pl
&5,00 = 2 V1 (81,p-kq-1 + 07B,;_ks-18,p-rq-s)
(k<r$ rp, iy S<Q)

For the beams with constant mechanical characteristics over the cross sections and
along the axial line, we have
L)
&5, pq
The internal forces and moments can be determined in dimensionless form as follows:

=2 (B.;j,pq + bijBe,pq) (1. 6)

o o ‘2 —
Nix =Ny = FF SS e dF =g polp k=12, 3)
F(s)

o ® o o ]
My =M = Ep SS (ggN — 2358) OF = (845, p1 ¢ — E12, pa-1) 'pn
F(s)
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° o 1 o o
My=M,=FF S enbdF =21y poalp
F(s)
L] o 1 ° o '2
Mgg=My=—7F )Y eu™F =—¢y p1¢'n
F(s)

oy =1Ipg/ (LF) =122, Ipg= “‘ WPLUAF
F(s)
Tod = 1, 1162 = Mgy o2 = G (L =1)
Here Nu'y Np® = Ny®, Nig° = Ny,° denote the longitudinal and transverse forces;
M,°, My® and Mg are the torsional and bending moments; F, Ing, 0, and §,
denote the area, moments of inertia and the coordinates of the center of gravity of
the cross section in the system (¢, n,b); L, kp; and jp, are the length, flexibility
and stability parameters of the beam,

If the line connecting the centers of gravity of the cross sections is used as the
axial line, then Mo = § = 0. 1If in addition the principal axes of the cross section
coincide with the axes n,b, then j;; = 0. In this case jpqs = 0, provided that at
least one of the numbers p, ¢ isodd.

Next we consider the equations of motion of the beam, with help of the Hamilton
— Ostrogradskii principle, which can be written in dimensionless form as follows:

q’

1y
S=§[S(T—U)ds]dt (1.7)

to 'L

c L. ., . Ou

T= SS ugudF = (pgus, s, pot g-1) ¥ (5) (" = '«7)

F (s)

o ) ° F{(s

v =% SS eij2i3F = (pat4s, w4j, pk 01 'T(vl

Here T and U are the dimensionless kinetic and potential energy at the cross section
s, the linear quantities are related to the beam length I, the velocities to the spe-
ed of sound ¢ (*=2v:p, t=1cT,/L;p isthe material density and T, the
physical time).
The functions minimizing the functional (1.7) must satisfy the Euler —Ostrogradskii
equations, the latter represented in this case by the equations of motion of the beam.
The number of equations is equal to the sum of all coefficients of the displacement
series, The general form of these equations is as follows:
a9 (8T / ar)/ ot = 8 (U [ ap) | 9s — U [ dy¢ (1.8)
r=20¢p/adt, p=0¢/0ds ¢= uypq

and they must be supplemented by a specified number of initial and boundary condit-
ions,

Various variants of the theory of beams can be constructed with the help of the
finite power series (1.4) only (p < p*, ¢ < ¢*). The magnitude of the resulting err-
ors in the determination of the functions sought obviously diminishes without bounds
as P"* ¢%— oo. The variants of the equations given below are based on the corres-
ponding power expansions in which the only terms retained are those containing n
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and & in powers not greater than the first. The second and fourth variant adopt, in
addition, specified hypotheses concerning the transverse and shear stresses and deform-
ations,

2 Concrete variants of the theory of curved be-
ams. Variant 1. Inconstmcting this variant we assume the stress-strain state
of the beam to be triaxial, We retain in the expansions (1. 4) and (1. 6) only the
terms satisfying the condition p -+ ¢ <{ 1. The components of the distortion and de-
formation tensors and the expressions for the kinetic and potential energy assume the

PO e g e 8159 = (oo F ) 0 ()0l
e,k = Oug — kvg, ergx = Ovk + kuy — nwy
ey3,x = Owy + woy (k= 0, 1, 2)
€i1,0 = Ui-1s €ig,0 = Vi-1r Cigye = Wiy (i=2,3)
=0 (i=237=123Fk=1,2)
2 €i5,0 = €ij,0 -+ Cije -+ €i5,0%55,0 thi=123

2856 = 2 Ej1,x = €15,k + i — (1 + 85 agyx + ers,o8is gk +
€15,%%75,0 (7. =1, 2: 3; k=1, 2}
28;5,=0 (,)j=2,3 k= 1, 2)
817,10 = kejyo0 — Hej3.00 Brj,2 = Hejg o /=1,2,3)
= F (s) (V2 + 2 eVoVy + 2 LVoVy + jaVi® + 2V Ve +
To2? Vo?)
U= F (s) (E2 + 2 NEEy + 2 LEoEs + juEd + 2 [u?ELEs + ju?Ed)
VpVq = uyp'uig» EpEq = ij,peij,g + 87BO 58 ¢ (p, 0= 0,1, 2)

(2. 1)
(2.2)

where the repeated dots in (2, 1) denote the corresponding components from the brack-
ets in the left-hand side,

Calculating the derivatives of T and U with respect to the corresponding varia-
bles we arrive, in accordance with (1. 8), at the following system of equations:

f(u) = Fy3 ~ kf (&13) + bn

f () = Fyp + kf (811) — %f (813) + bya

flw) = Fig -+ nf (8ga) + brg

@ (u) = @y — ko (&12) — & o — bu

P 0y = Byp + kg {8y3) — %@ (&3) — 3’{3,0 - bag

@ (@) = Dy + %P (813) — 28,0 — byy

P (u) — Ty — kP (819) — e31,0 — by

Y (v) = ¥y, - kP (83) — 1P (e19) — £53,0 — bag

P (w) = V35 + % (223) — £330 — bas

Aj; = F3[Fa(e))); Ajy=Fijy Oy Yijpa=/ o9
a (u;) = a (u;""), a (&) = a (&;;%)

f (@) = 7o + N2y + Le22r @ (2) = Moo + fa®21 + 0’22
Y (2) = L% + Jue + jodme, = (w7, 07, 07, 8%,k
nj"-EO’Uj/étg (=1, j=1238 kt=0,1,2)

by = By — kAy (enn)s b = By -+ kA (8} — x4y (2y)

(2.3)
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bys = B3 + %4, (en) (B; = F~10 [FA; (e))])
bjx = A (e55) + b (&) @F + eix,0) (=1 1=2,3; k=1,2,3)
4, (g = 921'. o[ e — %) + Lot al + I'zoza:i.l (eyn,1 — k) 4
1 [835,1 €11, + &j,a (e, — B+ foazl"zjw‘leu,z
Ay (e = 3;;4',0 ety + & (e1z,2 — %] 4 faozl’fza'. 13,1 +
Tu® [925,1 (12, — %) + 321',2012,1] + I'os%:f,? (12,2 — %)
A (8:) = &ij,0 Mo (e13,0 H %) + Goers,al + fao?8ij,t (43,1 + %) +
fn® [ezi,lels,z + 821'.2 (13,1 + %)) - I'onzl"i;'mem,,
b (g;) = NoBij,1 + Lotij, 2, Elj b = eis, k (3;* + esj, 0) +
(1 — &) 8i°s, 0€sj,k
Ny® = Ni°® = efk,0 + sik, 1Mo + ezk2 Lo
My° = (13,0M0 — e12,0L0) + (e13,1/202 — €12,/ + (e18.970. —
212,202?)
My = e11,080 -+ &in,un® + e11,570?, Mss® = — €11,0Mp — €11,y —
e11,2/1,?
The above relations and equations of motion simplify considerably when the principal
axes of the cross sections are aligned with n and b (5 = 0) and the line connect-
ing the centers of gravity of the cross sections (M = {o =0) is taken as the axial
line of the beam, When % =x =0, the cormesponding linearized system of equations
is identical, to within the notation used, to the equations of [7]. In the present vari-
ant the components of the displacement vector have a fully defined physical meaning:
Uy, ¥ and W, are the linear displacements in the ¢, n and b directions; u,
and u; denote the angular displacements about the d and n axes, respectively;
@ = (w; — ) /2 is the angle of rotation of the cross section about the t -axis;the
parameter &= (w; 4 »;) / 2 characterizes the change in the area of the transverse
cross section, and the coefficients 7, = (wy, — ;) /2 and My = (w, +v5)/ 2 des-
cribe the change in the configuration of the cross section, When further terms are
retained in the expansions (2, 1), then a variant of the theory of beams taking into acc-
ount the warping of the cross sections can be constructed,

Variant 2, Here we consider two versions of the theory of beams, The first
version assumes that the stresses 5°, £55° and &3> = ex° are absent, The sec-
ond version assumes that the deformations €, 833 and es;3 = &4, are absent,

From &5° =g3,° =0 follows w; = —p, Putting e54° = e4° = 0 we obtain

e,° =¢85, 8. = &3 = — ue,, , and from this we have w;, =, = — p (9u, —
kvy). The beams in question have small transverse dimensions, therefore the expre-~
ssions for g3, 843, 823 = €54 given here and below retain only the terms linear in
e”.
For the components of the displacement vector we have
w=uy + um + uy§, v = v —Pn — 9L, w = w, + on — B (2.4)
¢ = (0 — vg}/ 2, b = p (Fuy — ko)

and here the change in the form of the cross section is disregarded (n, = y, = 0).
Putting 2y = 0, £33 = 0, &y3 = £, = 0 we obtain, respectively, », = 0, wy = 0
and W) = — Vas Then
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= uy+ M+ ul, v =9 — @, w=w, + o (2.5)

Here neither the changes in the form, nor in the area of the transverse cross section
are taken into account My = M3 =0, § = 0). The basic elasticity relationships and
equations of motion are obtained from (2. 4) or (2, 5) as before.
Variant 3, Thisvarant of the theory is based on the following expansions:
u=u0+ul'r|+u2§, DAYy, W= w, (2.6)
The equations of motion and the elasticity relationships can be obtained here either
from the relations derived above (putting v, =2, = 0, w, = wy, = 0), o1 directly as in
the variants 1 and 2. In particular, for the case n, = {, = 0, j;; = 0, F = const
we have

Up" = 0811,0™ — Kera, 0", wo'T = 08 0* + kEpp 0% — %eys,0* (2.7)
Wy = 0853,0% T Keig,0%, Uy = 0811 * — keigg* — Maoey 0*

Uy = gy p* — kg 0® — Agy®ar,o*

e p® = ep,n (1 en,0) T+ €10,0%021,0 + E13,57em,0 + (1 — 85%)er 0%,k
(k=0,1,2)

gi1,0% = 8,00 \1 )y 1" T 815,00 = 2hpgp (1= 2,3)
8" = B,k T Bl T (0 — ey (=285 k=0, 1,2)

Here we have omitted the terms b;; and assumed that g, = £33 = 0, £33 = g4, =
0; ky; are the correction multipliers taking into account the character of the distri-
bution of the tangential stresses &.,0° =¢;; ,° over the beam cross section. The rot-

ation of the cross sections about the t ~axis and the variation in the form and area
of the cross sections are also disregarded (¢ = 0,1, =1, =0, § = 0).

Variant 4, Assumingin(2,6)and(2,7) % = — (90, -+ kuy — xwy), v, =

— (wy + v}, v = 0, u,” =~ 0, we armive at the "classical" variant of the
theory of beams, The physical meaning of the relationships given consists of the fact
that in the present case we exclude from our considerations the deformations due to
the transverse shears and the rotational inertia, The system of differential equations
in the present case is a mixed system, unlike the previous hyperbolic equations, In
particular, in the linear approximation the equations of motion assume the form

up'" = Oeyy,q — kjaq?d (311,1 — keyy 0 -+ W’m,o) (2.8)
29" = J2e®P? (311,1 — ke + “ew,o) -+ kejy,o0 — %] 02?0 (311,2 - m’xz,o)

(62 = 8% / 3s?)

we' = Joa20? (€11, — %€13,0) + W2 (€11,1 — Ke,0 + #e13,0)

ey1,0 = Oug — kvo, 13,0= 0vo + kuy — nwy

e13,0 = 0wy + Kg,  €11,1 = —€1n00 €11, = —0de13,0

where the first equation is hyperbolic while the second and third equations are parabol-
ic,

N ote, Itispossible, while dealing with particular problems, to disregard the
longitudinal displacements (z, = 0) or to assume that the axial line of the beam is
inextensible (Gu, — hvo==0).

38, Expansion of the displacement vector in the
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stationary coordinate system, We find, in some problems of

dynamics, that it is preferable to consider the motion of the beam not in the compon-

ents of the system (%;), but in the components of the stationary rectangular coordin-

a(l)te system (z,, t=1,2,3). We denote these components by v, G = 1,2, 3; n =
1, 2,

If the axial line of the beam is described by equation z; = z; (s), then
t = (0z;)e;, n = (F%;)e;/ k, k= (azz,-aﬂzi)‘f-
b = {8 [(6%z;) / k] + koz;}e; / n, »= A/ K®
Here e; denote the unit vectors of the rectangular system, and the columns of the
determinant A consist of the vectors col {9z, 9%z;, 83z;}.
The components of the displacement vector ¥j,» can be written in terms of the

components uj,n of the form of a matrix product € = AB. In particular, in case
of the variant 1 the matrices have the following structure:

A=layl, B=|byl, C=]cyl

@y = Oz;, ayy = (0%)) [ k, a3 = {0 [(9%z;) / k] + koz;} [ %

by =u0, ba=uyy (=4—1i, i=1,2,3), bgz= ugy

bn = Ug,e (k =3 — i, i = 1., 2), Ciy = Vj-1,i

In conclusion,we note that the equations obtained include, as particular cases,
the equations of dynamics of the plane curvilinear beams (% = 0) and of the recti-
linear twisted beams (k = 0, % == 0), as well as those without initial twist (k = x
= 0, seee.g. [8]).
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